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Introducing recurrences



Hopfield Network -1982 RNN History
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A practical introduction to recurrences
• Hopfield Networks were introduced in 1982 by John Hopfield, a 

physicist at Caltech and helped to reignite the interest in neural 
networks in the early ‘80s

• Hopfield aimed to address the question of emergence in 
cognitive systems through the collective action of simple 
neurons

• The properties of Hopfield networks derive from a global 
energy-function with neurons being binary threshold units with 
recurrent connections

• Each unit is bi-directionally connected to every other unit
• As a result, the weights values are symmetric, such that weights 

coming into a unit are the same as the ones coming out of a unit



Hopfield Network -1982 RNN History
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An interpretation of Hopfield Networks
• Hopfield Networks are based on neuroscience research on learning and memory, particularly Hebbian 

learning (Hebb, 1949)
• Hopfield proposed this model to capture memory formation and retrieval
• Hopfield networks are systems that "evolve" until they find a stable low-energy state, rather than being 

driven by error correction
• The system can "return" to a previous stable-state after a perturbation and this ability to "return" to a 

previous stable-state after a perturbation is why Hopfield networks serve as models of memory.



Elman Network - 1990 RNN History
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Elman’s approach to sequence representation
• In 1990, cognitive scientist Jeffrey Elman introduced the Elman Network, a successful example of a 

RNN trained with backpropagation
• Elman's work, "Finding Structure in Time," particularly addressed the representation of "time" or 

"sequences" in neural networks
• Elman proposed two approaches: an explicit approach and an implicit approach

Main Drawbacks
• Fixed number of input units for each sequence 
• Hard to distinguish relative temporal position from absolute temporal position

Explicit approach

𝑋1 𝑋𝟐 𝑋𝟑 … 𝑋𝑻−𝟐 𝑋𝑻−𝟏 𝑋𝑻
Input signal 
of fixed size



Elman Network - 1990 RNN History
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Jordan’s memory unit
• Elman added a context/memory unit to his network to 

save past computations and incorporate them into 
future computations

• Elman's approach was based on the work of Michael I. 
Jordan on serial processing, who proposed the use of 
recurrent connections from the network output to 
hidden units through a memory unit to keep a 
running average of past outputs

• The memory unit in Jordan's network keeps a fixed 
weight equal to 1

• This allows the network to implicitly account for past 
history in each new computation.
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Elman Network - 1990 RNN History
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The implicit approach using backpropagation
• Elman introduced trainable parameters from memory 

units to hidden units
• The weights are trained using backpropagation
• Memory units remember the past state of hidden 

units
• Memory units clone the value at the previous time-

step t−1
• Memory units learn useful representations (weights) 

for encoding temporal properties of sequential input
• Elman demonstrated the capabilities of his 

architecture through multiple experiments, showing it 
was able to solve problems with sequential structure, 
such as a temporal version of the XOR problem

Elman’s Network

       
              

             
              

      
     

       
     

       
     

      
     

        

      
            

       
            

      
     

        
      

      
          

       
          

       
     

      
     

        
    



LSTM Architecture - 1997 RNN History
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A modern way to handle sequential data
• Early RNNs faced challenges such as vanishing and 

exploding gradients and slow forward computation 
due to the sequential nature of the layers

• The architecture that moved the field forward was the 
Long Short-Term Memory (LSTM) Network, introduced 
by Sepp Hochreiter and Jurgen Schmidhuber in 1997

• LSTMs added units with both short-memory and long-
memory capabilities, replacing the simple memory unit 
of Elman networks with a cell unit (long-term memory 
storage) and a hidden-state (memory controller)

• The cell unit and hidden-state are integrated as a 
circuit of logic gates controlling the flow of 
information at each time-step.

      
           

      
      

      
     

       
    

      
    

          
      

       
    

     
          

     

           
        

               
      
        

         
      



Sequential data
One is Many



A few data examples Sequential data
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Time series (electricity demand) Text Audio



Applications – One to One Sequential data
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𝑇𝑥 = 𝑇𝑦 = 1

e.g., Image Classification



Applications – One to Many Sequential data
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𝑇𝑥 = 1, 𝑇𝑦 > 1

e.g., Image Captioning, Music generation



Applications – Many to One Sequential data
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𝑇𝑥 > 1, 𝑇𝑦 = 1

e.g., Sentiment Analysis



Applications – Many to Many (1/2) Sequential data
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𝑇𝑥 = 𝑇𝑦

e.g., Named Entity Recognition



Applications – Many to Many (2/2) Sequential data
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𝑇𝑥 ≠ 𝑇𝑦

e.g., Machine Translation



RNN structure
General principles



A Recurrent Neuron General Principles
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The structure of recurrent cells
• Instead of modelling 𝑿𝑡|𝑿𝑡−1…𝑿1 , we approximate the conditional probability with a latent 

variable 𝑯𝑡−1

𝑃 𝑿𝑡|𝑿𝑡−1…𝑿1 ≈ 𝑃(𝑿𝑡|𝑯𝑡−1)



Unrolling the Recurrent Neuron General Principles
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Unrolling the Recurrent Neuron General Principles

20

output

hidden

input

𝑶0

𝐻0

𝑿0



Unrolling the Recurrent Neuron General Principles
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Unrolling the Recurrent Neuron General Principles
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Unrolling the Recurrent Neuron General Principles
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Unrolled on three timesteps



Backpropagation through time General Principles
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𝐻0

𝑿0

𝑶1

𝐻1
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𝑶2

𝐻2

𝑿2

• Backpropagation in RNNs is known as 
backpropagation through time (BPTT)

• BPTT requires expanding the computational 
graph of an RNN one time step at a time

• The unrolled RNN is equivalent to a 
feedforward neural network with the same 
parameters repeated at each time step

• Long sequences can cause computational and 
optimization problems

• Input from the first step passes through many 
matrix products before arriving at the output 
which can cause numerical instability



The intuition behind BPTT General Principles

25

• For timestep 𝑡 we can define 
𝑯𝑡 = 𝑓 𝑿𝑡 ,𝑯𝑡−1, 𝒘ℎ

𝑶𝑡 = 𝑔(𝑯𝑡 ,𝒘𝑜)

• Generally we have the following chain of values
{… , 𝑿𝑡−1 ,𝑯𝑡−1 ,𝑶𝑡−1 , 𝑿𝑡 , 𝑯𝑡 , 𝑶𝑡 ,… }

• The objective function can be written as follows

𝐿 𝑿1 , … , 𝑿𝑇, 𝒀1 , … , 𝒀𝑇 , 𝒘ℎ, 𝒘𝑜 =
1

𝑇
෍

𝑡=1

𝑇

𝑙(𝒀𝑡 , 𝑶𝑡)



The intuition behind BPTT General Principles
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• Let’s compute the backpropagation for 𝒘ℎ

𝜕𝐿

𝜕𝒘ℎ
= ෍

𝑡=1

𝑇
𝜕𝑙 𝒀𝑡 , 𝑶𝑡

𝜕𝒘ℎ

• And we obtain the following via the chain rule

𝜕𝐿

𝜕𝒘ℎ
= ෍

𝑡=1

𝑇
𝜕𝑙 𝒀𝑡 , 𝑶𝑡

𝜕𝑶𝑡

𝜕𝑔(𝑯𝑡 ,𝒘𝑜)

𝜕𝑯𝑡

𝜕𝑯𝑡

𝜕𝒘ℎ

• The two first terms inside the sum above can be calculated directly

• However, the term 𝜕𝑯𝑡

𝜕𝒘ℎ
requires more work



The intuition behind BPTT General Principles
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• 𝑯𝑡 depends both on 𝑯𝑡−1 and 𝒘ℎ where the computation of 𝑯𝑡−1 also depends on 𝒘ℎ

𝜕𝑯𝑡

𝜕𝒘ℎ
=
𝜕𝑓(𝑿𝑡 , 𝑯𝑡−1 , 𝒘ℎ)

𝜕𝒘ℎ
+
𝜕𝑓(𝑿𝑡 , 𝑯𝑡−1 , 𝒘ℎ)

𝜕𝑯𝒕−𝟏

𝜕𝑯𝑡−1

𝜕𝒘ℎ

• By recurrence we can show that the above equation can lead to

𝜕𝑯𝑡

𝜕𝒘ℎ
=
𝜕𝑓(𝑿𝑡 , 𝑯𝑡−1 , 𝒘ℎ)

𝜕𝒘ℎ
+෍

𝑖=1

𝑡−1

ෑ

𝑗=𝑖+1

𝑡
𝜕𝑓(𝑿𝑗 , 𝑯𝑗−1 , 𝒘ℎ)

𝜕𝑯𝒋−𝟏

𝜕𝑓(𝑿𝑖 ,𝑯𝑖−1 , 𝒘ℎ)

𝜕𝒘ℎ

• Therefore, the chain rule can be used for recursive computation of 𝜕𝑯𝑡

𝜕𝒘ℎ

• However, if 𝑡 is too large, 𝜕𝑯𝑡

𝜕𝒘ℎ
can become difficult to compute



Computation of 𝜕𝑯𝑡

𝜕𝒘ℎ
General Principles
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Full computation
• The first idea is to compute the full sum defined in the previous slide 
• However, this is very slow, and gradients can explode
• This is because subtle changes in the initial conditions can have a large impact on the outcome
• It does not lead to robust estimators that generalise well, so it is almost never used in practice.

Truncating timesteps
• Instead of computing the full sum, we can truncate it after 𝜏 timesteps 
• This leads to an approximation of the true gradient by terminating the sum at a certain point
• This is commonly referred to as truncated backpropagation through time (Jaeger, 2002)
• Truncation leads to the model focusing primarily on short-term rather than long-term influence
• It biases the estimate towards simpler and more stable models, and it works well in practice
• Other variants include Randomised Truncation (Tallec and Ollivier, 2017)



Gradient clipping General Principles
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Avoiding exploding gradients
• The standard strategy to solve exploding gradient issues is gradient norm clipping
• The idea is to rescale the norm of the gradient to a fixed threshold 𝛿 when it is above it

෨𝛻𝑓 =
∇𝑓

∇𝑓
min( ∇𝑓 , 𝛿)



Stacking recurrent cells General Principles
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Multiple hidden layers
• RNNs can be viewed as layers producing sequences 𝒉1:𝑇

𝑙 acting like hidden layers of activations
• We can stack these layers to form a deep RNN



Modern RNN
LSTM, GRU



Long-term dependencies Modern RNN
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• When sequences are relatively short the matrix products do not vanish or explode for 
gradient computations

• The network will mainly learn short-term dependencies with short input sequences



Long-term dependencies Modern RNN
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• To account for long-term memory, input sequences need to be larger
• However, this leads to vanishing and/or exploding gradients
• We have seen that we can use gradient clipping to avoid exploding gradients, but the 

vanishing gradient problem remains
• We need a new type of recurrent cells to retain long-term dependencies



Long short-term Memory (LSTM) Modern RNN

34

Gated Hidden State
• LSTMs differ from traditional RNNs in that LSTMs support gating of the hidden state
• The gating mechanism is used for updating and resetting the hidden state accordingly
• Precisely, a memory cell has an internal state and is equipped with multiplicative gates
• The gates determine:

Whether a given input should impact the internal state - input gate
Whether the internal state should be put to 0 - forget gate

Whether the internal state should impact the cell's output - output gate



Long short-term Memory (LSTM) Modern RNN
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Data feeding into LSTM gates
• 𝑿𝑡 Input at current time step
• 𝑯𝑡−1 Hidden state of previous time step

Activation functions
• Sigmoid activation ⇒ gate values in [0,1]



Long short-term Memory (LSTM) Modern RNN
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Mathematical formulation
• Suppose that there are ℎ hidden units, a batch size 

𝑛, and 𝑑 inputs
• 𝑿𝑡 ∈ ℝ𝑛×𝑑 and 𝑯𝑡−1 ∈ ℝ

𝑛×ℎ

• We get the following gate values

𝑰𝑡 = 𝜎(𝑿𝑡𝑾𝑥𝑖 +𝑯𝑡−1𝑾ℎ𝑖 + 𝒃𝑖)
𝑭𝑡 = 𝜎(𝑿𝑡𝑾𝑥𝑓+𝑯𝑡−1𝑾ℎ𝑓 + 𝒃𝑓)

𝑶𝑡 = 𝜎(𝑿𝑡𝑾𝑥𝑜 +𝑯𝑡−1𝑾ℎ𝑜 + 𝒃𝑜)

• 𝑾𝒙. ∈ ℝ𝑑×ℎ

• 𝑾𝒉. ∈ ℝℎ×ℎ

• 𝑰𝑡 , 𝑭𝑡, 𝑶𝑡 ∈ ℝ𝑛×ℎ



Long short-term Memory (LSTM) Modern RNN
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Input node
• ෩𝑪𝑡 ∈ ℝ

𝑛×ℎ

• Its computation is equivalent to the one of 
three gates but with a tanh activation
෩𝑪𝑡 = tanh(𝑿𝑡𝑾𝑥𝑐 +𝑯𝑡−1𝑾ℎ𝑐 + 𝒃𝑐)

Link with the input gate
• The value of the input node interacts with

the input gate to decide what should be
added to the current internal state



Long short-term Memory (LSTM) Modern RNN
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Memory cell state
• Let us define the memory cell state 

𝑪𝑡 ∈ ℝ
𝑛×ℎ for timestep 𝑡

𝑪𝑡 = 𝑭𝒕 ⊙ 𝑪𝒕−𝟏+ 𝑰𝒕 ⊕ ෩𝑪𝑡

• 𝑭𝑡 addresses how much of the old cell 
internal state 𝑪𝑡−𝟏 we retain

• 𝑰𝑡 governs how much we take new data 
into account via ෩𝑪𝑡

• If 𝑭𝑡 = 𝟏 and 𝑰𝑡 = 𝟎 the memory cell 
remains constant (𝑪𝑡 = 𝑪𝑡−𝟏)



Long short-term Memory (LSTM) Modern RNN
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Output gate and internal state
• Finally, we have to define the output 𝑯𝑡

of the memory cell using both 𝑶𝑡 and 𝑪𝑡

𝑯𝑡 = 𝑶𝑡⊙ tanh(𝑪𝑡)

• When 𝑶𝑡 is close to 0, current memory 
does not impact the subsequent layer of 
the network

• When 𝑶𝑡 is close to 1, current memory 
adds information to the next layer



Long short-term Memory (LSTM) Modern RNN
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Overall
• LSTMs long-term memory capabilities 

make them good at capturing long-term 
dependencies

• The memory cell effectively counteracts 
the vanishing gradient problem at 
preserving information as long as the 
forget gate does not erase past 
information (Graves, 2012)



Gated Recurrent Units (GRU) Modern RNN
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Origins
• RNNs and more particularly LSTM architectures 

became popular in the 2010s
• Researchers began experimenting with simplified 

architectures to speed up computation while 
retaining key features

• Gated Recurrent Units (GRU) were introduced as 
a streamlined version of the LSTM memory cell

• GRU often achieves comparable performance to 
LSTM but is faster to compute



Gated Recurrent Units (GRU) Modern RNN
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A more compact memory cell
• LSTM's three gates are replaced by two in GRU
• These gates are also given sigmoid activations, 

resulting in values in the interval [0,1]
• The reset gate controls how much of the 

previous state to remember
• The update gate controls how much of the new 

state is a copy of the old state

𝑹𝑡 = 𝜎 𝑿𝑡𝑾𝑥𝑟 +𝑯𝑡−1𝑾ℎ𝑟 + 𝒃𝑟
𝒁𝑡 = 𝜎(𝑿𝑡𝑾𝑥𝑧 +𝑯𝑡−1𝑾ℎ𝑧 + 𝒃𝑧)



Gated Recurrent Units (GRU) Modern RNN
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Candidate Hidden State

෩𝑯𝑡 = tanh(𝑿𝑡𝑾𝑥ℎ + 𝑹𝑡⊙𝑯𝑡−1 𝑾ℎℎ + 𝒃ℎ)

• The influence of previous states can be reduced 
to the elementwise multiplication of 𝑅𝑡 and 𝐻𝑡−1

• When the 𝑅𝑡 is close to 1, it behaves like a 
traditional RNN

• When 𝑅𝑡 entries are close to 0, the candidate 
hidden state effectively resets any pre-existing 
hidden state to defaults



Gated Recurrent Units (GRU) Modern RNN
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Hidden State
• Finally, we incorporate the effect of the update 

gate 𝒁𝑡 on the hidden state 𝑯𝑡

𝑯𝑡 = 𝒁𝑡⊙𝑯𝑡−1 + (1 − 𝒁𝑡) ⊙ ෩𝑯𝑡

• Intuitively, 𝒁𝑡 balances 𝑯𝑡 between the previous
state 𝑯𝑡−1 and the candidate state ෩𝑯𝑡

• If 𝒁𝑡 is close to 1 we retain the previous state
• If 𝒁𝑡 is close to 0 the new latent state 𝑯𝑡

approaches the candidate latent state ෩𝑯𝑡



Gated Recurrent Units (GRU) Modern RNN

45

Overall
• Reset gates help capture short-term

dependencies in sequences.
• Update gates help capture long-term 

dependencies in sequences.



Embeddings
Language models



The principle behind embeddings Language models
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• Embeddings are a method for representing data (e.g., 
words, sentences) in a high-dimensional continuous space.

• Embedding vectors capture the semantic and syntactic 
relationships between the data

• The goal of embeddings is to map data into a lower-
dimensional space while preserving inner relationships 

• This allows for more efficient processing and analysis
• Embeddings are commonly used in Natural Language 

Processing (NLP) and Computer Vision (CV) tasks, as well as 
in recommendation systems, information retrieval, and 
other applications

𝑿0

𝑶

Embedding

𝑿1 𝑿2



Word2Vec Language models
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• Word2Vec is a method generating numerical representations of words ⇒ word embeddings
• These embeddings can capture semantic and syntactic relationships between words
• The model is trained on a large corpus using a neural network with a single hidden layer
• The network input is a one-hot encoded representation of a word, and the goal of training 

is to learn weights for the hidden layer which we call embedding
• There are two main variants of the model

Continuous Bag of Words (CBOW) - predicts current word from the context
Skip-Gram predicts context from the current word

• The model learns the embeddings by trying to predict the surrounding words given a 
specific word, or predict the word given the context word(s)



Word2Vec Language models
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• Word2Vec is a method generating numerical representations of words ⇒ word embeddings
• These embeddings can capture semantic and syntactic relationships between words
• The model is trained on a large corpus using a neural network with a single hidden layer
• The network input is a one-hot encoded representation of a word, and the goal of training 

is to learn weights for the hidden layer which we call embedding
• There are two main variants of the model

Continuous Bag of Words (CBOW) - predicts current word from the context
Skip-Gram predicts context from the current word

• The model learns the embeddings by trying to predict the surrounding words given a 
specific word, or predict the word given the context word(s)



Word2Vec Language models
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Continuous Bag of Words (CBOW)
• Akin to text classification problems⇒ but large number of classes |𝑉| (vocabulary considered)

• The softmax output requires to sum over |𝑉| which leads to intractable calculations
• The trick is to use negative sampling to shrink the denominator of the cost function
• We sample just a few ‘negative’ words from the unigram distribution

𝑿𝑡−1

𝑿𝑡

Embedding

𝑿𝑡+2𝑿𝑡+1

[…] the best footbal player of all time is […]

𝑿𝑡−2



Word2Vec Language models
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Skip-Gram 
• Given the central word, predict occurrence of other words in its context.
• Widely used in practice, particularly for large corpuses
• Negative Sampling is again used as a cheaper alternative to a full softmax

𝑿𝑡−1

𝑿𝑡

Embedding

𝑿𝑡+2𝑿𝑡+1

[…] the best footbal player of all time is […]
𝑿𝑡−2
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Similarity

Composition



Word2Vec Language models
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Human biases in word embeddings Language models
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𝐶 𝑖𝑠 𝑡𝑜 𝐵 𝑎𝑠 𝐴 𝑖𝑠 𝑡𝑜 𝑋

[Fair Is Better than Sensational: Man Is to Doctor as Woman Is to 

Doctor](https://aclanthology.org/2020.cl-2.7) (Nissim et al., CL 2020)



Human biases in word embeddings Language models
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𝐶 𝑖𝑠 𝑡𝑜 𝐵 𝑎𝑠 𝐴 𝑖𝑠 𝑡𝑜 𝑋

[Fair Is Better than Sensational: Man Is to Doctor as Woman Is to 

Doctor](https://aclanthology.org/2020.cl-2.7) (Nissim et al., CL 2020)
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[Fair Is Better than Sensational: Man Is to Doctor as Woman Is to 

Doctor](https://aclanthology.org/2020.cl-2.7) (Nissim et al., CL 2020)

𝐶 𝑖𝑠 𝑡𝑜 𝐵 𝑎𝑠 𝐴 𝑖𝑠 𝑡𝑜 𝑋
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